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Abstract In this paper, we study the existence theorems of systems of variational inclu-
sions problems. As consequences of our results, we study existence theorems of systems
of generalized vector quasi-equilibrium problems, mathematical program with systems of
variational inclusion constraints, bilevel problem with systems of constraints.
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1 Introduction

Let I be any index set. Foreach i € I, let Z; be areal topological vector space (in short t.v.s.),
X; and Y; be nonempty closed convex subsets of locally convex t.v.s. E; and V;, respectively.
Let X = [[;c; Xi» Y = [l;e; Yi-Foreachi € I,let A; : X xY — X;,T; : X — Y,
Gi: X xY xY; — Z;,Ci: X — Z; be multivalued maps. Throughout this paper, we use
these notations unless otherwise specified. Recently, Lin [1] studied the following systems
of variational inclusion problems:

(SVIP1) Find (x, ¥) = ((Xi)ier, (Vi)ier) € X x Y such that foreachi € I, x; € A;(x, y),
yi € T;j(x),and 0 € G;(x, y, v;) forall v; € T;(x).

In [1], Lin established the existence theorems of (SVIP1), he also gave some applications.
For detail, one can refer to [1].

Let E be a t.v.s., X be a nonempty subset of £ and f : X x X — R be a function with
f(x,x) = 0 for all x € X, then the scalar equilibrium problem in the sense of Blum and
Oettli [2] is to find x € X such that f(x,y) > O for all y € X. The equilibrium problem
contains optimization problems, fixed point problems, saddle point problems, complementary
problems, and Ekeland’s variational problems as special cases [2-5]. This problem was
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extensively investigated and generalized to the vector equilibrium problem for single valued
or multivalued mappings [3,6—10] and references therein.

In this paper, we apply an existence theorem of (SVIP1) to study systems of generalized
quasi-variational disclusions problem:

(SVDP) Find (x, y) = ((xi)ier, (Vi)ier) € X x Y such that foreachi € I, x; € A;(x, y),
yi € T;(x),and 0 ¢ G;(x, y, v;) forall v; € T;(x).

(SVDP) contains the following problems as special cases:

(SVIP2) Find (x, ¥) = ((X;)ier, (Vi)ier) € X x Y such that foreachi € I, x; € A;(x, y),
yi € T;(x), and G;(x, y,v;) € H;(x,y) for all v; € T;(x), where H; : X x Y — Z;isa
multivalued map.

(SVIP3) Find (x, ¥) = ((X;)ier, Vi)ier) € X x Y such that foreachi € I, x; € A;(x, y),
yi € Ti(x), and G;(x, y, v;) € Gi(x, Y, yi) + Ci(x) for all v; € T;(x).

(SVIP4) Find (x, y) = ((Xi)ier, (Vi)ier) € X x Y such that foreachi € I, x; € S;(x),
yi € Ti(x), Fi(x,y) € Ci(x), and G;(x, y, v;) € Gi(x,y,y) + Ci(x) for all v; € T;(x),
where F; : X X Y — Z; and S; : X —o Z; are multivalued maps.

(SVIP5) Find (x, ¥) = ((X)ier, (Vi)ier) € X x Y such that foreachi € I, x; € A;(x, y),
yi € T;(x),and H;(x,y) € G;(x,y, v;) forall v; € T;(x).

(SVIP6) Find (x, ¥) = ((xj)ier, Oi)ier) € X x Y such that foreachi € I, x; € A;(x, y),
Vi € Ti(x), and G;(X, ¥, i) € Gi(x, ¥, v;) — C;(x) forall v; € T;(X).

If we let Hj(x,y) = Z; \ (—int Cj(x)) or H;(x,y) = Ci(x), we have the following
systems of generalized vector quasi-equilibrium problem.

(SEP1) Find (x, y) = ((Xi)ic1, (Ji)ier) € X x Y such that foreachi € I, x; € A;(x, y),
vi € Ti(x),and G;(x, y, v;) N (—int C;(x)) = @ for all v; € T;(X).

(SEP2) Find (x, y) = ((Xi)ier, (Vi)ier) € X x Y such that foreachi € I, x; € A;(x, y),
yi € T;(x),and G;(x, y, v;) € C;(x) for all v; € T;(x).

Lin and Tan [11,12] studied (SVIP3) for the case that / is a singleton, and C;(x) = C; is
a convex cone for each x € X. But in (SVIP2) and (SVIP3), C;(x) is not assumed to be a
cone.

Lin and Hsu [13], and Lin et al. [3,8,9] studied (SEP1) and (SEP2) when C;(x) is a cone
for each x € X. But in (SEP1) and (SEP2), C; (x) is not assumed to be a cone.

Luc and Tan [5], Tan [14], Lin and Tan [11,12] studied (SVIP6) when C;(x) = C; is a
cone for all x € X.

If we assume that IMin(G;(x,y, y;)/Ci(x)) # @ for all (x, y) = (x, (¥i)ier) € X X Y,
then (SVIP4) will be reduced to the problem:

(SQOP1) Find (x, y) = ((Xi)ier, (3i)ier) € X x Y such that for each i € I, F;j(x,y) C
Ci(x), and G;(x,y,y;) N IMin(G;(x,y, Ti(x;))/Ci(x)) # @, where C; : X — Z; isa
closed multivalued map such that for each x € X, C;(x) is a nonempty closed convex cone.

If we let H;(x, y) = {0} forall (x,y) € X x Y andi € I, then (SVIP5) will be reduced
to (SVIP1).

IfF:XxY —Z;,S : X — X, Zpis areal t.v.s. and Cy is a proper closed convex
conein Zp and f : X x Y —o Zy. We also study the following bilevel problem.

(BLEP1) Min(h(x,y)/Co) # @, x € X,y = (¥i)ier such that foreachi € I, y; € T;(x),
xi € Si(x), Fi(x,y) € Ci(x),and G;(x, y, y;) N IMin(G;(x, y,T;(x))
/Ci(x)) # 0.

If Z; =Rand Cij(x) = [0,00) foralli € I,and Zgp = R, and Cy = [0, 00), and F;
and G; are single valued functions, then (BLEP1) will be reduced to the following bilevel
problem:

(BLEP2) Min(h(x,y)/Co) # ¥V, x € X,y = (¥i)ier € Y such that foreachi € I, y; €
T;(x), x; € S;j(x), F;(x,y) > 0,and y; is a solution of the problem Min,,c7;(x)Gi(x, y, vi).
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Lin and Hsu [13] studied (BLEP2).

IfGi(x,y,y;) >0forallx € X and y = (y;)ies € Y, then (BLEP2) will be reduced to
the following mathematical program with systems of equilibrium constraints:

(MPEC) Min h(x,y), x € X,y = (¥i)ier € Y such that for eachi € I, x; € S;j(x),
yvi € T;(x), Fi(x,y) > 0,and G;(x, y, v;) > 0 for all v; € T;(x).

Lin and Still [15], Lin [16], Lin and Hsu [13] studied MPEC, but our approach is different
from [15] and [16].

In this paper, we apply the existence theorem of systems of variational inclusion pro-
blems (SVIP1) in [1] to study the existence theorems of systems of variational disclusions
problems (SVDP), systems of variational inclusions problems (SVIP2-6). Our approach to
study (SVIP3) and (SVIP6) are much simple than Theorem 3.6 in Lin et al. [11,12]. Our
results cannot be obtained from Lin et al. [11,12]. We establish the equivalent relations
between (SVIP1), (SVIP5) and (SVDP) under some conditions. We also study existence
theorems (SEP1) and (SEP2). As application of our results, we study (BLEP1) and (BLEP2).
We also study (SVIP3) and (SVIP6) and (BLEP1) with different approach for the case
Ai(x,y) = Si(x) = X; forall (x,y) e X x Y andi € I.

Recently, Lin and Liu [9], Lin et al. [8] used existence theorems of abstract economy
to study (SEP1) and (SEP2), and gave applications. In this paper, we apply systems of
variational disclusion problems to study (SEP1), (SEP2), (BLEP1), and (BLEP2). Our results
on (BLEP1) is different from Corollary 5.3 in [13], Corollary 3.1 in [16], Theorem 4.6 in
[16], and Corollary 3 in [15].

2 Preliminaries

Let X and Y be topological spaces (in short t.s.), 7 : X — Y be a multivalued map. T is
said to be upper semicontinuous (in short u.s.c.), respectively, lower semicontinuous (in short
Ls.c.) at x € X, if for every open set U in Y with T(x) C U (resp. T(x) N U # 1), there
exists an open neighborhood V (x) of x such that T (x") € U (resp. T (x") N U # §) for all
x" € V(x); T is said to be u.s.c. (resp. l.s.c.) on X if T is u.s.c. (resp. l.s.c.) at every point of
X; T is continuous at x if 7" is u.s.c. and Ls.c. at x ; T is compact if there exists a compact
set K such that T7(X) C K; Tisclosed if Gr(T) = {(x,y): y € T(x),x € X} is aclosed
set.

Let Z be areal t.v.s. with a pointed cone C and A be a nonempty subset of Z. (i) x € A is
said to be an ideal minimal (resp. ideal maximal) point of A with respectto Cif y —x € C
(resp. x —y € C) for every y € A. The set of ideal minimal point of A is denoted by
IMin(A/C). The set of ideal maximal point of A is denoted by I Max(A/C). (ii) x € A is
said to be an efficient point of A w.r.t. C if thereisno y € A such thatx —y € C \ {0}. The
set of efficient point of A is denoted by Min(A/C).

Theorem 2.1 [17] Let I be any index set and let X; be a nonempty convex subset of a t.v.s.
E, X = Hie[ X;. Foreachi € I, let P;, Q; : X — X; be multivalued maps satisfying the
following conditions:

(i) Foreachx € X, coP;(x) C Q;(x);
(it) Foreachx = (xi)ier € X, xi ¢ Qi(x);
(iii) For each y; € X;, Pfl(y,‘) is open; and
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(iv) There exist a nonempty compact subset K of X and a compact convex subset D; of X;
foralli € I such that for each x € X \ K, there exist j € I and y; € D; such that

-1
X € Pj ).
Then there exists x € X such that P;(x) = () foralli € I.

Throughout this paper, we assume that all topological spaces are Hausdorff.

3 Existence results for a solution of systems of generalized quasi-variational
inclusions problems

The following theorem is a variant of Theorem 3.1 [1], its proof is essentially the same as
in Theorem 3.1 [1].

Theorem 3.1 []] Foreachi € I, suppose that

(i) A; is a compact u.s.c. multivalued map with nonempty closed convex values;
(ii) T; is a compact continuous multivalued map with nonempty closed convex values;
(iii) G; is a closed multivalued map with nonempty values and for each x € X, Q;(x) =
{vi € T;(x): 0 € Gi(x,y,v;) forall v; € T;(x) and for y = (vi)ie; € Y } is a convex
set;
(iv) Foreach (x,y) = (x, (yi)ier) € X x Y, v; — G;(x, y, v;) is {O}-quasiconvex-like [1]
and 0 € Gi(x,y, yi).

Then these exists (x, y) = ((xi)ier, Vi)ier) € X XY such that foreachi € I, x; € A; (X, y),
yi € T;j(x), and 0 € Gi(x, y, v;) for all v; € T;(x).

Remark 3.1 In Theorem 3.1, the condition “for each (x,y) € X x Y, v; — G;(x, y, v;) is
{0}-quasiconvex” is replaced by “for each x € X, Q;(x) is convex,” where Q; (x) is defined
as in (iii).

As a consequence of systems of generalized quasi-variational inclusions problems, we
have the following existence theorem of systems of generalized quasi-variational disclusion
problem.

Theorem 3.2 Suppose that conditions (i) and (ii) of Theorem 3.1 are satisfied. For each
i € 1, suppose that

(iii) G; is a multivalued map with open graph, G;(x,y,v;) # Z; for all (x,y,v;) €
X x Y xY;, and for each x € X, Qi(x) ={y; € Ti(x) : 0 ¢ G;(x,y,v;) for all
v; € Ti(x) and for y = (yi)ie; € Y} is a convex set;

(iv) For each (x,y) = (x, (¥i)ie1) € X x Y, v; — Gi(x,y,v;) is {0}-quasiconvex and
0¢ Gi(x,y, )

Then there exists (x, y) = ((Xi)ier, (Vi)ier) € X XY such that foreachi € I, x; € A;j (X, y),

yi € T;j(x), and 0 ¢ Gi(x, y, v;) forall v; € T;(X).

Proof LetH; : X xY x Y; bedefined by H;(x, y,v;) = Z;\ G;(x, y, v;) forall (x, y,v;) €
X xY xY;.By (iii), H; is a closed multivalued map with nonempty values and foreach x € X,
Qix)={yi € T;(x):0 € Hi(x,y,v;) forallv; € T;(x) andfory = (y;)ies € Y}isconvex.
By (iv), for each (x, y) = (x, (3i)ier) € X x Y, v; — H;(x,y, v;) is {0}-quasiconvex-like
and 0 € H;(x, y, y;). Then by Theorem 3.1 there exists (x, ¥) = ((Xi)ier, (Vi)ier) € X X Y
such that foreachi € I, x; € A;j(x,y), yi € Ti(x),and 0 ¢ G;(x, y, v;) for all v; € T;(x).
O
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The following two lemmas are essential tools in this paper.

Lemma 3.1 Ler X and Y be topological spaces, H : X — Y be a multivalued map with
open graph and M : X — Y be a l.s.c. multivalued map, then (H + M) : X — Y, defined
by (H 4+ M)(x) = H(x) + M(x) for each x € X, is a multivalued map with open graph.

Proof Let (x,y) € [Gr(H + M)]¢. Then these exists a net {(xy, Yo)}aea in [Gr(H 4+ M)]°
such that (xy, yo) — (x,y). Then y, ¢ H(xq) + M(x,) for all « € A. We want to show
that y ¢ H(x) + M (x). Suppose that y € H(x) + M (x), then these exist u € H(x) and
v € M(x) such that y = u + v. Since M is l.s.c. and x4, — x, these exists a net {vy}yea
such that vy, € M(x,) foralla € A and v, — v. Wesee v, — vy € Y \ H(xy).

Let F : X — Y be defined by F(x) = Y \ H(x). By assumption, F has closed graph.
Hence,u = y —v € F(x) = Y \ H(x). Therefore, u = y — v ¢ H(x). This leads to
a contradiction. This shows that y ¢ H(x) + M (x). Hence (x,y) € [Gr(H + M)]° and
[Gr(H 4+ M)]€ is a closed set. Therefore, H + M has open graph. d

Lemma 3.2 Let X and Y be topological spaces, G : X — Y be an u.s.c. multivalued map
with nonempty compact values and M : X — Y be a closed multivalued map, then the map
(G+ M) : X —Y,defined by (G+ M)(x) = G(x) + M(x) for each x € X, is a closed
map.

Proof Let (y,z) € Gr(G + M). Then there exists a net {(yy, Za)}aea in Gr(G + M)
such that (yy, 2¢) — (¥, 2). One has z, € M(yy) + G(yy) and there exists uy, € M(yy),
vy € G(yy)suchthatzy = uy+vy.Let K = {yy : @« € A}U{y}. Then K is a compact set in
X. Since G : X —o Y is an u.s.c. multivalued map with nonempty compact values, G (K) is
a compact set. Then {vy}oeca has a subnet {vg, }o, e such that vy, — v. Since G is an u.s.c.
multivalued map with nonempty compact values, G is closed. Hence, v € G(y). Clearly,
Uy, = Za; —Va; — 2—v.Since Misclosed,z—v € M(y)andz € v+M(y) € M(y)+G(y).
This shows that Gr(G + M) = Gr(G + M) and (G + M) : Y — U is closed. d

Theorem 3.3 Suppose conditions (i) and (ii) of Theorem 3.1 are satisfied. For eachi € I,
suppose that

(iii) H; : X XY —o Z; is a closed multivalued map with with nonempty values and for each
x € X,y — Hi(x,y)isaffine [1];

(iv) Gj is al.s.c. multivalued map such that for each (x,v;) € X x Y;, y — G;(x, y, v;) is
affine and Gi(x,y,vi) — (Z; \ Hi(x,y)) # Z; forall (x,y,v;) € X x Y xY;;

(v) For each (x,y) = (x, (Vi)ier) € X X Y, v; — Gi(x,y,v;) is {0}- quasiconvex [1]
and Gi(x,y, yi) € Hi(x, y).

Then there exists (x, y) = ((Xi)ier, (Vi)ier) € X XY such that foreachi € I, x; € A; (X, y),
Vi € Ti(X), and G; (X, y,v;) € H; (%, ) for all v; € T;(X).

Proof LetP; : X xY xY; — Z;bedefinedby P;(x, y, v;) = Gi(x,y,v;)—(Z;\ Hi(x, y)).
By (iii) and (iv), P; has open graph and P;(x, y, v;) # Z; forall (x,y,v;) € X x Y x ¥;.
Foreach x € X, let Q;(x) = {y; € Ti(x) : 0 ¢ P;i(x,y,v;) for all v; € T;(x) and for
vy = (Vi)ier € Y}. Itis easy to see that Q;(x) = {y; € T;(x) : Gi(x,y,v;) € Hi(x,y)
forall v; € Tj(x) and y = (yi)ies € Y } and Q;(x) is a convex set for each i € /. Indeed,
if y!,y? € Qi(x) and A € [0,1]. Let y' = (3Dics, y> = OPiesr. Then y', y? € v,
yi ¥} € Ti(x) and G;(x, y', v;) € Hi(x, y"), Gi(x, y*, v;) € H;(x, y?) forall v; € Tj (x).
By (iii) and (iv), G;(x, Ay! + (1 — M)y% v;) = AG;(x, ', v) + (1 — MG (x, ¥}, v;) C
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AH;(x, YD+ A =0 H;(x, y2) = Hi(x, Ay' +(1—2)y?). Wealsohave Ay! +(1—21)y2 € Y
and Ayil +( —)L)yi2 € T;(x). This shows that kyil +(1 —)\)yi2 € Q;(x) and Q;(x) is convex.
By (v), for each (x, y) = (x, (yi)ier) € X x Y, v; —o P;(x, y, v;) is {0}-quasiconvex and
0 ¢ P;i(x,y, yi). Then by Theorem 3.2, there exists (x,y) = ((Xj)ier, Vi)ier) € X XY
such that foreachi € I ,x; € A;(x,y), y; € T;(x) and 0 ¢ P;(x, y, v;) forall v; € T;(x).
That is, G; (x, y, v;) € H;(x,y) forall v; € T;(x). g

As a simple consequence of Theorem 3.3, we have the following existence theorems of
systems of variational inclusions problems and systems of equilibrium problems.

Theorem 3.4 Assume conditions (i) and (ii) of Theorem 3.1 are satisfied. For eachi € I,
suppose that:

(iii) C; : X —o Z;j is a closed multivalued map such that C; (x) is a convex set and 0 € C;(x)
foreach x € X;

(iv) G; is a continuous multivalued map with nonempty closed values such that for each
x € X, (y,v) — Gi(x,y,v) is affine;

(v) Foreach (x,y) = (x, (yi)ier) € X X Y, v; — Gji(x,y,v;) is C;i(x)-quasiconvex [1]
and Gi(x,y,v;) —[Z; \ (Gi(x, y, yi) + C;(x))] # 0.

Then there exists (x, y) = ((Xi)ier, (i)ier) € X XY such that foreachi € I, x; € A;j (X, y),
Vi € Ti(x), and G;(x, y, v;) € Gi(x, Y, y;) + Ci(x) for all v; € T;(x).

Proof Let H; : X x Y — Z; be defined by H;(x,y) = G;(x,y,yi) + C;i(x) for each
(x,y) = (x, (yi)ier) € X x Y. By (iii), (iv) and Lemma 3.2 that H; is a closed multivalued
map with nonempty values and for each x € X, y — H;(x, y) is affine. Since 0 € C;(x)
forallx € X, G;(x,y, yi) € Gi(x,y, yi) + Ci(x) for each (x, y) = (x, (¥i)ier) € X X Y.
Then Theorem 3.4 follows from Theorem 3.3. a

Remark 3.2 In Theorem 3.4 we do not assume that C; (x) is a cone, but in Theorem 3.6 [11]
and Theorem 3.6 [12], C;(x) is a constant closed convex cone. The proof of Theorem 3.4
is much simple than the proofs of Theorem 3.6 in [11,12]. Indeed, Theorem 3.4 cannot be
obtained from Theorem 3.6 in [11,12].

If we let H;(x,y) = C;(x) for all (x,y) € X x Y, we have the following existence
theorem of systems of equilibrium problem.

Corollary 3.1 In Theorem 3.4, for each i € I, suppose that

(iv) Gj is al.s.c multivalued map such that for each x € X, (y, v;) — G;(x,y, v;) is affine
and C; is a closed multivalued map with nonempty values and C;(x) is a convex set for
eachx € X;

(v) For each (x,y) = (x, (Vi)ier) € X x Y, v; — Gi(x,y,v;) is C;j(x)-quasiconvex,
Gi(x,y, ) € Ci(x) and Gi(x,y,v)) — [Zi \ (Ci(x)] # Zi for all (x,y,v) €
X xY xY,.

Then there exists (x,y) = ((Xi)ier, (Vi)ier) € X XY such that foreachi € I, x; € A;j(x,y),
Vi € Tij(x), and G;(x,y, v;) € C;i(x) for all v; € T;(x).

If we let H;(x,y) = Z; \ (—int Ci(x)) for all (x,y) € X x Y, we have the following
existence theorem of systems of equilibrium problem.

Corollary 3.2 Assume that conditions (i), (ii), and (iii) of Theorem 3.1 are satisfied. For
eachi € I, suppose that
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(iv) W; : X — Z; is an wu.s.c. multivalued map with nonempty values, where W;(x) =
Zi \ (—int Ci(x)) and C; : X —o Z; is a multivalued map such that int C;(x) # @ for
allx € X;

(v) For each (x,y) € X x Y,y = (Viier, vi — Gi(x,y,v;) is Cj(x)-quasiconvex,
Gi(x,y,vi))N(—int Ci(x)) =D and G;(x, y,v;) —[Z; \ (—int C;j(x))] # Z; forall
(x,y,v;)) e X xY x Y.

Then there exists (x, V) = ((Xi)ier, (Vi)ier) € X XY such that foreachi € I, x; € A;j(x,y),
i € Ti(X), and G;(x, ¥, v;) N (—int C; (X)) = @ for all v; € T;(x).

Proof Let Hi(x,y) = Z; \ (—int C;(x)). Then Corollary 3.2 follows immediately from
Theorem 3.3. a

Remark 3.3 In Corollaries 3.1 and 3.2, we do not assume that C; (x) is a cone foreach x € X.
Therefore, Corollaries 3.1 and 3.2 are different from Theorems 3.1 and 3.6 in [13]. Our proof
of Corollaries 3.1 and 3.2 are much simple than Theorems 3.1 and 3.6 in [13].

Theorem 3.5 Suppose conditions (i) and (ii) of Theorem 3.1 are satisfied. For each i € I,
suppose that

(iii) Hi : X XY —o Z; is a Ls.c. multivalued map and for each x € X, y — H;(x,y) is
affine; Hi(x,y) —[Z; \ Gi(x, y,vi)] # Z; forall (x,y,v;) € X XY x Y;;

(iv) G; is a closed multivalued map with nonempty values and for each x € X, y —o
Gi(x,y,v;) is affine;

(v) For each (x, (yi)ier) € X x Y, v; — G;(x,y,v;) is {0}-quasiconvex-like [1] and
Hi(x,y) € Gi(x,y, yi)-

Then there exists (x,y) = (X, (V;)ier) € X X Y such that for each i € I, x; € A;(x, V),
yi € Ti(x), and H;(x, y) € G;(x, y, v;) for all v; € T;(x).

Proof LetF;: X xY xY; — Z; bedefinedby F;(x, y,v;) = Hi(x,y)—[Z;\Gi(x, y, vi)]
forall (x, y, v;) € X xY xY;. By (iii), (iv) and Lemma 3.1 that F; is a multivalued map with
open graph. Foreach x € X, let Q;(x) ={y; € Ti(x) : 0 ¢ Fi(x,y,v;) forall v; € T;(x)
and for y = (yi)ies € Y}. Then Q;(x) = {y; € T;i(x) : Hi(x,y) € Gi(x,y, v;) for all
v; € Ti(x) and for y = (yi)ier € Y}. By (iii) and (iv), Q;(x) is a convex for each x € X.
By (v), 0 ¢ Fi(x,y, y;) foreach (x, y) = (x, (yi)ier) € X x Y. By (iii), Fi(x, y, v;) # Z;
for all (x,y,v;) € X xY x Y;, By (v), for each (x,y) € X x Y, v; — F;j(x,y,v;) is
{0}-quasiconvex. Then Theorem 3.5 follows from Theorem 3.2. d

As a simple consequence of Theorem 3.5, we have the following existence theorem of
systems of generalized lower quasi-variational inclusions problems.

Theorem 3.6 Suppose conditions (i) and (ii) of Theorem 3.1 are satisfied. For eachi € I,
suppose that

(iii) Ci : X — Z; is a closed multivalued map such that C;(x) is a convex set and 0 € C;(x)
foreach x € X;

(iv) G is a continuous multivalued map with nonempty closed values, and for each x € X,
(y,vi) — Gi(x,y,v;) is affine, and for each x € X,y = (yi)ie1 € Y, v; € Y,
Gi(x,y,yi) € Gi(x,y,v;) — Ci(x);

(v) Foreachx € X,y = (yi)ier € Y, vi — G;(x,y,v;) is {0}-quasiconvex-like and
Gi(x,y,yi) = [Zi \ (Gi(x, y,vi) — Ci(x))] # Zi.
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Then there exists (x, y) = ((Xi)ier, (i)ier) € X XY such that for eachi € I, x; € A; (X, ),
Vi € Ti(x), and G;(x, y, yi) € Gi(x, y,v;) — C;i(x) for all v; € T;(x).

Proof Apply Theorem 3.5 and follow the same argument as in Theorem 3.4, we can prove
Theorem 3.6. O

Theorem 3.7 Theorem 3.1, 3.2 and 3.5 are equivalent.

Proof We see that Theorem 3.1 implies Theorem 3.2, and Theorem 3.2 implies Theorem
3.5. We want to show that Theorem 3.5 implies Theorem 3.1. Under the assumptions of
Theorem 3.1. Foreach i € I,let H; : X x Y — Z; be defined by H;(x,y) = {0} for all
(x,y) € X x Y. Since G;(x,y,v;) # @ forall (x,y,v;) € X xY xVY;, Hi(x,y) — (Z; \
Gi(x,y,v)) = —(Zi \ Gi(x,y,v;)) # Z;. Then Theorem 3.1 follows from Theorem 3.5.
Therefore, Theorems 3.1, 3.2 and 3.5 are equivalent. O

Theorem 3.8 In Theorem 3.4, if we assume further that C;(x) is a convex cone for each
x € X and for each (x,y) = (x, Vi)ier) € X x Y, IMin(G;i(x, y, y;)/Ci(x)) # O. Then
there exits (x,y) = ((Xi)ier, Vi)ier) € X X Y such that for each i € I, x; € A;(x,y),
Vi € Ti(x), and Gi(x, y, yi) N IMin(Gi(x, y, yi)/Ci(x)) # D.

Proof Let Hi(x,y) = G;(x,y,y:) + Ci(x). Since IMin(G;(x,y, yi)/Ci(x)) # @. Itis
easy to see that IMin(H;(x, y)/C;(x)) # @. Then Theorem 3.8 follows from Theorem 3.3.
O

Theorem 3.9 Suppose condition (i), (iii), (iv) and (v) of Theorem 3.4. for eachi € I, suppose
that

(ii) S; : X —o X;isancompactu.s.c. multivalued map with nonempty closed convex values;

(vi) F; : X XY — Z; is a Ls.c. multivalued map with nonempty closed values and for
each x € X, there exists y = (yi)ie; € Y such that y; € T;(x), Fi(x, y) C Ci(x) and
y —o Fj(x,y) is Ci(x)-quasiconvenx-like.

Then there exists (x,y) = ((x;)ier, Vi)ier) € X X Y such that for each i € I, x; € S;(x),
Vi € Ti(x), Fi(x,y) € Ci(x) and G;(x,y, yi) € Gi(X,y,v;) + Ci(x) for all v; € T;(x).

Proof Foreachi € I,letL; : X — Z; be defined by L;(x) = {y; € T;(x) : Fi(x,y) €
Ci(x) for y = (yi)ier € Y} for each x € X. It is easy to see that L; is a compact u.s.c.
multivalued map with nonempty closed convex values. Then Theorem 3.9 follows from
Theorem 3.4. O

Theorem 3.10 Let X be a nonempty subset of a topological vector space E, I be any index
set. For each i € I, let Y; be a nonempty convex subset of a t.v.s. Vi, Z; be a real t.v.s.. For
eachi € I, suppose that

(i) Ci : X — Z; is a multivalued map such that for each x € X, C;(x) is a nonempty

closed convex cone;

(ii) Gi: X xY;xY; —o Zj isan u.s.c. multivalued map with nonempty compact values such
that for each (x, v;) € X xY;, yi — Gi(x, yi, v;) is Ls.c. and for each (x, v;) € X x Y,
vi — Gi(x, yi, v;) is Ci(x)-quasiconvex;

(iii) T; : X —o Y; is a multivalued map with nonempty closed convex values;

(iv) There exist a nonempty compact subset K of Y and a nonempty compact convex subset
D; of Y; for alli € I such that for each y = (y;)ic; € Y \ K and each x € X, there
exist j € I anduj € Tj(x) suchthat Gj(x,yj,u;) € G;(x,yj,y;)+ Cj(x).
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Then for each x € X, there exists y = (yi)icr € Y such that for eachi € 1, y; € T;(x), and
Gi(x,yi,vi) € Gi(x, yi, yi) + Ci(x) for all v; € T;(x).

Proof Foreachi € Iandx € X,let P;(x) : [[;o; Ti(x) —o Tj(x) be defined by P; (x)(y) =
{vi e T;(x) : Gi(x,yi,v) € Gi(x,yi,¥) + Ci(x)} for each y = (yi)ies € Y. Then for
each y = (i)ier, yi ¢ Pi(x)(y). Foreachi € I, x € X and y € Hiel Ti (x), Pi(x)(y) is
convex. Indeed, let vl.l, vl.2 € P;(x)(y)and 1 € [0, 1], then vl.l, vl.2 € Ti(x)and G; (x, y;, vl.l) ¢
Gi(x, yi, yi) + Ci(x) and G; (x, y;, v}) € Gi(x, yi, yi) + C;(x). Assume v} = Av} + (1 —
A)viz. Then vlf\ € T; (x). Suppose that there exists Ag € (0, 1) such that vi)‘0 ¢ P;i(x)(y), then
Gi(x, yi, v?o) C Gi(x,yi,yi)+ Ci(x). Since for each (x, y;) € X x Y;, v; — G;(x, yi, v;)
is C; (x)-quasiconvex,

either G, (x, yi, v1) € Gi(x, yi, v°) + Ci(x)
C Gi(x,yi,yi) + Ci(x)):i‘ Ci(x) € Gi(x,yi, yi) + Ci(x),
or Gi(x, yi,v}) € Gi(x, yi, v°) + Ci(x) € Gi(x, yi. yi) + Ci (x).

This leads to a contradiction. Therefore, v;\
v € iy Ti).

ULie; TOIN [P ()11 (u;) is a closed set in [1ic; Ti (x) for each u; € T;(x). Indeed,
if y € [[1je; Ti)I\ [P;(x)]~"(u;), then there exists a net {y*}qyea in [[];c; T(x)] \
[P;(x)]~"(u;) such that y* = (vM)ier forall @ € A and y* — y. One has y¥ € T;(x)
and G;(x, y¥,u;) S Gi(x,yf, y¥) + Ci(x). Let z; € G;(x, yi, u;). By assumption, for
each (x,u;) € X x Y, yi — G;(x,yi,u;) is Ls.c., there exist a net {z}yea such that
¥ € Gi(x,y¥, u;) for all @ € A and z¥ — z;. We follow the same arguments as in
Theorem 3.1, we show that [[,; Ti )]\ [P; ()1~ (u;) is closed in [ ;. T; (x). Therefore,
[P ()]~ (u;) is openiin [];; T; (x).

By (iv), for each y € ]_L-GI T;(x) \ K and for each x € X there exist j € I, u; € T;(x)
such that foreachx € X,y € [P; ()17 (u;). Then by Theorem 2.1 that for each x € X there
exists y = (¥i)ier € [l;; Ti(x) such that P;(x)(y) = @. Then foreachi € I, y € T;(x)
and G;(x, y;i,vi) € Gi(x, i, yi) + Ci(x) for all v; € T;(x). O

€ P;(x)(y) and P;(x)(y) is convex for each

iel

Corollary 3.3 Theorem 3.10 is true if condition (iv) of Theorem 3.10 is replaced by (iV'),
where

(V') T; : X — Y; is a multivalued map with nonempty compact convex values.

Proof Since T;(x) is a compact set for each x € X, [[; el
x € X. Then condition (iv) of Theorem 2.1 is satisfied by taking ¥ = [

Ti(x) is a compact set for each
Tix)y=K. O

iel

4 Applications to bilevel problem

As a consequence of Theorems 3.4 and 3.10, we establish an existence theorem of mathema-
tical program with system of variational inclusion constrains from which we establish that
existence theorems of bilevel problem.

Theorem 4.1 Let I, E;, V;, X;, Yi, X, Y, T; and Z; be the same as in Theorem 3.4. Let Z
be a real t.v.s. and Cqy be a proper closed convex cone in Zy. For each i € I, suppose that

(i) Ci: X —o Z; isaclosed multivalued map such that C; (x) is a convex set and 0 € C;(x)
foreach x € X;
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(ii) Fi : X X Y — Zj is a L.s.c. multivalued map such that for each x € X, y — F;(x,y)
is Ci(x)-quasiconvex-like;

(iii) S; : X —o X, is a compact u.s.c. multivalued map with nonempty closed convex values;

(iv) Foreachx € X, there existsw = (w;)ies € Y suchthat w; € S;(x), Fi(w,y) € Ci(x);

v) Gi : X xY xY; — Z; is a continuous multivalued map with nonempty compact
values such that for each x € X, (y,v;) — Gi(x,y,v;) is affine and for each
(x,y) € X xY,v;i — Gi(x,y,v;) is Ci(x)-quasiconvex; and Gi(x,y,v;) — [Z; \
(Gi(x, y, yi)+Ci(x)] # Z; forall (x,y,v;) € X x Y X Y;

vi) f:X XY — Zyis an u.s.c. multivalued map with nonempty compact values.

Then there exists a solution to the following problem:

Min(f(M)/Co) # ), where M = {(x,y) : x = (xj)ie1 € X,y = (yi)ier such that for all
i€l xi€Si(x)y €Tix), Fi(x,y) € Ci(x), and Gi(x, y,v;) € G;(x,y,y;) + Ci(x)
forallv; € T;(x) }.

Proof Foreachi € I,let M; = {(x,y) : x = (xi)ie1 € X,y = (yi)ier €Y, x;i € Si(x),
yi € Ti(x), Fi(x,y) € Ci(x), and G;(x, y, v;) C Gi(x,y, y;) + Ci(x) forall v; € T;(x)}.
Then M = Nje; M;. By Theorem 3.9, M # (.

Foreachi € I, M; is closed. Indeed, if (x, y) € M;, then there exists anet {(x%, y%) : « €
A}in M; such that (x*, y*) — (x, y). Onehasx® = (x{");iec; € X, y* = ()icr €Y, x €
Si(x%), ¥ € Ti(x*), Fi(x¥, y¥) € C;(x*) and G;(x%, y¥, v;) € G;(x%, y*, y7') + Ci (x¥)
forallv; € T;(x*). Letv; € T;(x). Since T; is Ls.c., there exists a net {v{ }yea such that v¥ €
T;(x¥) forallee € A and vy — v;. Wehave G; (x%, y*, v}") € G;(x*, y*, y¥) +Ci (x*). Let
u; € Gi(x, y,v;).Since G; is L.s.c., there exists anet {u{ }yc s suchthatu? € G;(x%, y*, v¥)
foralla € A and uf — u;. We have uf = wf + ¢ for some ¢ € C;(x%), and wi €
Gi(x%, y*, 7). Let K ={x* ta e A}JU{x}, L ={y*: a € A}U{yland L; = {7 : o €
A}U {yi}. Then K, L and L; are compact sets. Since G; is an u.s.c. multivalued map with
compact values, G; (K x L x L;) is a compact set (see [7]). Hence, {w}yca has a subnet
{w?*}akeA such that w;” — w; € Gi(K x L x L;). But c;.” = u?’\ — wf“ € Ci(x%),
c;“ — u; — wj, and C; is closed, u; — w; € C;(x). By assumption (x, y) — G;i(x,y, yi)
is closed, w; € Gi(x,y,y;) and u; € w; + Ci(x) € G;(x,y, yi) + Ci(x). This shows that
Gi(x,y,v) € Gi(x,y,y) + Ci(x) for all v; € T;(x).

By assumption, S; and 7; are closed. Hence x; € S;(x) and y; € T;(x) and y = (yi)ies €
Y. Letz; € Fi(x, y). Since F; is 1s.c., there exists a net {z{'}yca such that zJ € F;(x*, y*)
foralla € A and z¥ — z;. We see z¥ € C;(x%). Since C; is closed, z; € C;(x). This
shows that F;(x, y) € C;(x). By assumption, X is a closed set, we have x € X. Therefore
(x,y) € M; and M; is a closed set for each i € I. But M; € ([[;¢; Si (X)) x ([1;¢; T: (X))
and S; and 7; are compact, we see M, is a compact set for eachi € I, and M = Ny M; is a
nonempty compact set.

Since f : X x Y — Zj is an u.s.c. multivalued amp with nonempty compact values,
f(M) is a compact set [7]. Min(f(M)/Cq) # @ [7] and Theorem 4.1 follows. O

Remark 4.1 If I is a singleton, Theorem 4.1 is still different from Theorem 4.1 in [18].

Remark 4.2 In Theorem4.1,if f : X xY — Risal.s.c. function, then there exists a solution
of the problem:

Min ) f(x,y)suchthatx € X,y € Y,foreachi € I, x; € S;(x), y; € T;(x), Fi(x,y) C
Ci(x),and G;(x, y, v;) € Gi(x,y, yi) + Ci(x) forall v; € T;(x).
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Theorem 4.2 In Theorem 4.1, if we assume furthermore that for eachi € I, IMin(G;(x, y,
vi)/Ci(x)) # O for each (x,y) = (x, (yi)ier) € X X Y. Then there exists a solution to the
following problem:

Min(f(K)/Co) # 0, where K = {(x,y) : x = (xi)ier € X,y = (Vi)ier such
that for each i € I, x; € Si(x), yi € T;(x), Fi(x,y) € C;i(x), and G;(x, y,v;) N
IMin(Gi(x, y, T;(x))/Ci (x)) # #).

Proof By assumption, I Min(G;(x,y, y;)/Ci(x)) # @. Then
Gi(x,y,v) € Gi(x,y, )+ Ci(x) forall v; € T;(x)

if and only if G;(x, y, y;) N IMinG;(x,y, T;(x)) # #. Then Theorem 4.2 follows imme-
diately from Theorem 4.1. O

IfZ; =Rand C;(x) = [0, oo) forall x € X, the following Corollary follows immediately
from Theorem 4.2.

Corollary 4.1 In Theorem 4.1, if conditions (ii), (iv), and (v) are replaced by (ii’), (iV'), and
(V'), where

(ii') F; : X x Y — R is a continuous function such that for each y € Y, x; — F;(x, y) is
quasiconvex;

(V') Foreach (x,y) € X x Y, there exists w = (w;)ic; € Y such that F;(w, y) > 0 and
w; € S;(x);

(V') Gi : X x Y x Y; — R is a continuous function such that for each x € X, (y, v;) —
Gi(x,y,v;) is affine and for each (x,y) € X x Y, vi — G;(x,y, v;) is quasiconvex.

Then there exists a solution to the following problem:
Min(f(x,y)/Co) # W, x € X,y € Y such that for eachi € I, x; € S;j(x), yi € Ti(x),
Fi(x,y) =0, and y; is a solution of the problem Min,ct,(x)(Gi(x, y, v;)).

Remark 4.3 Corollary 4.1 is different from Corollary 5.3 [13], Corollary 3.1 [16].

Theorem 4.3 For each i € I, suppose that X; is compact and (i), (iv) of Theorem 3.10.
Conditions (ii) and (iii) of Theorem 3.10 are replaced by (ii') and (iii’), respectively, where

(ii') Gi : X x Y x Y; —o Z; is a continuous multivalued map such that for each (x,y) €
X x Y, vi — Gi(x,y,v;) is C;(x)-quasiconvex; and
(iii') T; : X —o Y; is a continuous multivalued map with nonempty closed convex values.

Suppose further that Zg is a real t.v.s, Cq is a proper closed convex cone in Zog and h :
X x Y —o Zy is an u.s.c. multivalued map with nonempty compact values. Then there exists
a solution to the following problem:

Min(h(x,y)/Co) # @, x € X,y € Y suchthat foreachi € I, y; € T;(x)and G;(x, y, v;) C
Gi(x,y,yi) + Ci(x) forall v; € T;(x).

Proof Foreachi € I,let M; = {(x,y): x = (Xi)ie1 € X, ¥y = (Vi)ier, yi € T;(x), and
Gi(x,y,vi) € Gi(x,y,yi) + Ci(x) for all v; in T;(x)}. By Theorem 3.10, N;jc; M; # 0.
Let M = NjerM;. By condition (iv) of Theorem 3.10, if (x,y) € M, then y € K. By
assumption, X; is compact for each i € I. Therefore, X = [],; X; is compact. Hence X is
closed. It is easy to see M; is closed for each i € I. Therefore, N;<; M; is closed. Then M is a
nonempty closed subset of X x K and X x K is compact, M is compact. Since # is an u.s.c.
multivalued map with nonempty compact values, 2 (M) is a nonempty compact set [7] and
Min(h(M)/Cy) # @ [4]. Therefore there exists a solution to the problem: Min y)h(x, y),
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x € X,y € Y such that foreachi € I, y; € T;(x) and G;(x, y,v;) C G;(x, y, y;) + Ci(x)
for all v; € T;(x). O

Following the same arguments as in Theorem 4.2, we have the following Theorem.

Theorem 4.4 In Theorem 4.3, if we assume further that for each x € X and y € Y,
IMin(Gi(x,yi,yi)/Ci(x)) # . Then there exists a solution to the problem:
Ming ypyh(x,y), x € X,y € Y, y; € Ti(x) and Gi(x,y;,yi) N IMin(G;(x, yi,u;)/
Ci(x)) # 0.

Apply Theorem 4.3 and follow the same arguments as in Corollary 4.1, we have the
Sfollowing Corollary.

Corollary 4.2 In Theorem 4.3, if condition (ii’) is replaced by (ii") and condition (iv) of
Theorem 3.10 is replaced by (iv'), where (i) (iV')

(i”) G; : X x Y; x Y; — R is a continuous function and for each (x,y;) € X x Y;,
vi = Gi(x, yi, v;) is quasiconvex, and

(iv') There exist a nonempty compact subset K of Y and a nonempty compact conves subset
D; of Y; foralli € I such that foreach'y € Y \ K and each x € X, there exist j € I
anduj € Tj(x) N D;j suchthat Gj(x,yj,uj) < Gj(x,yj,yj).

Then there exists a solution to the following problem:
Ming yh(x,y),x = (xi)ier € X, y = (3i)ier such that for each i € I, y; € T;(x), and
Gi(x,yi,vi) = Gi(x, yi, yi) for all v; € T;(x).

Lemma 4.1 Let I be any index set. For each i € I, let X be a nonempty convex subset of
tv.s. E, Y; be a nonempty convex subset of t.v.s. Vi, Z; be areal t.v.s.. For eachi € I, suppose
that

(i) Gi: X xY; xY; — Z; is an affine multivalued map;
(ii) T; : X —o Y; is a convex and concave mutltivalued map; and
(iii) C; : X —o Z; is a concave multivalued map.

Let Mi = {(x,y) € X xY 1 y = (¥iier, Gi(x, yi,v;) € Gi(x,y;, yi) + Ci(x) for all
v; € T;(x)}. Then M; is a convex set for alli € I.

Proof Let (x,y),(x',y) € M;, and A € [0,1]. Then x,x’ € X,y = (yi)ies € Y,
Y = ier € Y,y € Ti(x), ¥ € Ti(x), Gi(x,yi,v) S Gi(x,yi,y) + Ci(x) for all
v; € T;(x) and G;(x, y/, v;) € G;(x,y],y) + Ci(x) for all v; € T;(x).

We have (Ax + (1 —A)x’, Ay+ (1 —2)y") € X x Y. Since T} is concave, Ay; + (1 =) y] €
T; (Ax + (1 —A)x’). Letu; € T;(Ax + (1 — L)x’). Since T; is convex, there exist v; € T; (x),
v € T;(x') such that u; = Av; + (1 — A)v}. By (i) and (iii),

Gi(Ax + (1 = )x", Ay + (1 = )y}, u;)
= Gi(Ax + (1 = 2)x", dyi + (L =2yl Ay + (1 = 1))
= AGi(x, yi, vi)) + (1 = V)G (x', y}, v))
CAGi(x, yi, yi) +ACi(x) + (1 = MG (x', y, y) + (1 = MCi(x")
CGiGx+ (1 —2x', Ay + (1 =Wy, Ayi + (1 —2)y) + Ci(hx + (1 — )x').

Therefore, (Ax + (1 — A)x’, Ay + (1 — 1)y’) € M; and M; is convex. O

Theorem 4.5 Let X be a nonempty convex subset of a t.v.s. E, I be any index set. For
each i € I, let Y; be a nonempty convex subset of a Housdorff t.v.s. Vi, Z; be a real t.v.s.
Y =[l;¢; Yi. Foreachi € I, suppose that
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(i) Ci : X — Z; is a concave multivalued amp such that for each x € X, Ci(x) is a
nonempty closed convex cone;

(ii) Gij : X xY; xY; — Z; is an affine u.s.c. multivalued map with nonempty compact
values such that for each (x,v;) € X x Y;, yi — Gi(x, y;, v;) is L.s.c. and for each
(x,yi) € X xYi, vy — Gi(x,yi,v) is Ci(x)-quasiconvex;

(iii) T; : X —o Y; is a concave and convex multivalued map with nonempty closed convex
values,

(iv) h: X xY — Risals.c. quasiconvex function; and

(v) There exist a nonempty compact subset K of Y and a nonempty compact convex subset
D; of Y; for alli € I such that for each’y = (yi)ier € Y \ K and each x € X, there
existj € I, anduj € Tj(x) N Dj suchthat G;(x, y, u;) ,(Z Gj(x,y,y;)+Cjx), and

(vi) There exist a nonempty compact subset L of M and a nonempty compact convex subset
D of M such that for each (x, y) € M \ L, there exists (u, v) € D such that h(u, v) <
h(x,y), where M is defend as in the proof of Theorem 5.1.

Then there exists a solution to the problem:
Min(h(x,y)/Co) #0, x € X, y = (i)ies such that foralli € 1, y; € T;(x), Gi(x, yi, vi)
C Gi(x,y, yi) + Ci(x) for all v; € T;(x).

Proof Let M; and M be defined as in Lemma 4.1. By theorem 3.10 that there exist x € X,
v = (¥i)ier € Y suchthatforalli € I, y; € T;(x) and

Gi(x,y,v) € Gi(x,y,y)+ Ci(x) forall v; € T;(x).

That is, M = Nije;M; # (. By Lemma 4.1 that M; is convex for all i € I. Therefore, M
is a nonempty convex setin X x Y. Let P : M — M be defend by P(x,y) = {(u,v) €
M : h(u,v) < h(x,y)}. Then (x,y) ¢ P(x,y) forall (x,y) € D.

By (iv), P(x,y) is convex for each (x,y) € M and P, v)is open in M for each
(u,v) € M. By (vi), for each (x,y) € M \ L, there exists (1, v) € D such that (x,y) €
P (u,v).

By Theorem 2.1, that there exists (X, y) € M such that P(x, y) = @. That is, h(u, v) >
h(x,y) forall (u, v) € M. This completes the proof. d

Remark 4.4 In Theorem 4.5, if we assume further that for each x € X, y; € YV,
IMin(G;(x, y, yi)/Ci(x)) # @. Then there exists a solution to the problem: Min(A(x, y)/
Co) # 0, x € X,y = (Vi)ier such that foreachi € I, y; € T;(x), Gi(x,y,y) N
IMin(Gi(x,y, T;(x))/ Ci(x)) # .
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